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Abstract
All optimal binary self-dual codes of length 42 which have an automorphism of order 3 are constructed.
In this way we complete the classification of [42,21,8] SD codes having an automorphism of odd prime
order.
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1. Introduction
A linear [n, k] code C is a k-dimensional subspace of the vector space Fnq , where Fq is the
finite field of q elements. The elements of C are called codewords and the (Hamming) weight of a
codeword is the number of its non-zero coordinates. The minimum weight d of C is the smallest
weight among all non-zero codewords of C, and C is called an [n, k, d] code. A matrix which
rows form a basis of C is called a generator matrix of this code. The weight enumerator W(y) of
a code C is given by W(y) =∑ni=0 Aiyi where Ai is the number of codewords of weight i in C.
Let (u, v) :Fnq × Fnq → Fq be an inner product in the linear space Fnq . The dual code of C is
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606 S. Bouyuklieva et al. / Finite Fields and Their Applications 13 (2007) 605–615C⊥ = {u ∈ Fnq : (u, v) = 0 for all v ∈ C}. C⊥ is a linear [n,n− k] code. If C ⊆ C⊥, C is termed
self-orthogonal and if C = C⊥, C is self-dual (or SD code). For any SD code k = 12n. The codes
with the largest minimum weight among all self-dual codes of given length are named optimal
self-dual codes.
For binary codes, we consider the inner product (u, v) = u ·v = u1v1 +u2v2 +· · ·+unvn. We
call a binary code self-complementary if it contains the all ones vector. Any binary self-dual code
is self-complementary. Two binary codes are equivalent if one can be obtained from the other by a
permutation of coordinates. The permutation σ ∈ Sn is an automorphism of C, if C = σ(C). The
set of all automorphisms of C forms the automorphism group Aut(C) of C. Huffman and Yorgov
(cf. [8,13,14]) developed a method for constructing binary self-dual codes via an automorphism
of odd prime order. We give a short description of this method for automorphisms of order 3 in
Section 2.
Quaternary codes are codes over a field of four elements. Hermitian quaternary codes are self-
dual codes over F4 under the inner product (u, v) =∑ni=1 uiv2i . All Hermitian quaternary codes
of lengths up to 16 are classified in [5,9].
In this paper, we consider optimal binary self-dual [42,21,8] codes. The self-dual codes
with these parameters having automorphisms of prime orders p  5 are classified in [3,4,11,15].
That is why we focus on the automorphisms of order 3, and we complete the classification of
[42,21,8] SD codes having an automorphism of odd prime order. The codes with automor-
phisms of order 3 with 6 independent 3-cycles are classified in [4]. We continue with the next
possibilities for the number of cycles—8, 10, 12, and 14. To do that we apply the method devel-
oped by Huffman and Yorgov (see [8,13]). In Section 3, we give a complete classification of the
self-dual [42,21,8] codes having automorphisms of order 3.
2. Construction method
Let C be a binary self-dual code of length n = 42 with an automorphism σ of order 3 with
exactly c independent 3-cycles and f = n− 3c fixed points in its factorization. We may assume
that
σ = (1,2,3)(4,5,6) · · · (3c − 2,3c − 1,3c). (1)
Denote the cycles of σ by Ω1,Ω2, . . . ,Ωc, and the fixed points by Ωc+1, . . . ,Ωc+f . Let
Fσ (C) = {v ∈ C: vσ = v} and Eσ (C) = {v ∈ C: wt(v|Ωi) ≡ 0 (mod 2), i = 1, . . . , c + f },
where v|Ωi is the restriction of v on Ωi .
Lemma 1. (See [8].) The code C is a direct sum of the subcodes Fσ (C) and Eσ (C).
Clearly v ∈ Fσ (C) iff v ∈ C and v is constant on each cycle. Let π :Fσ (C) → Fc+f2 be the
projection map where if v ∈ Fσ (C), (vπ)i = vj for some j ∈ Ωi , i = 1,2, . . . , c + f .
Denote by Eσ (C)∗ the code Eσ (C) with the last f coordinates deleted. So Eσ (C)∗ is a self-
orthogonal binary code of length 3c. For v in Eσ (C)∗ we let v|Ωi = (v0, v1, v2) correspond
to the polynomial v0 + v1x + v2x2 from P , where P is the set of even-weight polynomials
in F2[x]/(x3 + 1). Thus we obtain the map φ :Eσ (C)∗ → P c . In our case P ∼= GF(4), the
polynomial e = x + x2 is the identity of P (see [5]) and P = {0, e = x + x2, xe, x2e}.
S. Bouyuklieva et al. / Finite Fields and Their Applications 13 (2007) 605–615 607Theorem 2. (See [8].) The binary code C with an automorphism σ defined in (1) is self-dual iff
the following two conditions hold:
(i) Cπ = π(Fσ (C)) is a self-dual binary code of length c + f ;
(ii) Cφ = φ(Eσ (C)∗) is a Hermitian quaternary self-dual code of length c over the field P ∼= F4.
The second condition gives us that c must be even. Moreover, since the minimum weight of
Eσ (C) is at least 8, the Hermitian code Cφ should have minimum weight at least 4. Hence c 6
(see [5]). The case c = 6 was considered in [4]. We describe the results for c = 8, 10, 12, and 14,
in Section 3.
Let B , respectively D, be the largest subcode of Cπ whose support is contained entirely
in the left c, respectively, right f , coordinates. Suppose B and D have dimensions k1 and k2,
respectively. Let k3 = k − k1 − k2. Then there exists a generator matrix for Cπ in the form
Gπ =
(
B O
O D
E F
)
, (2)
where B is a k1 × c matrix with gen(B) = [B O], D is a k2 × f matrix with gen(D) = [O D],
O is the appropriate size zero matrix, and [E F ] is a k3 × n matrix. Let B∗ be the code of length
c generated by B , BE the code of length c generated by the rows of B and E, D∗ the code of
length f generated by D, and DF the code of length f generated by the rows of D and F . Then
the following lemma holds.
Lemma 3. With the notations of the previous paragraph
(i) k3 = rank(E) = rank(F );
(ii) k2 = k + k1 − c = c+f2 + k1; and
(iii) B⊥E = B∗ and D⊥F = D∗.
3. Optimal self-dual codes of length 42
All possible weight enumerators of putative or known optimal self-dual codes of length not
exceeding 72 are given in [7]. These weight enumerators for length 42 are
W1(y) = 1 + (84 + 8β)y8 + (1449 − 24β)y10 + (10 640 − 16β)y12 + · · ·
for 0 β  60 and
W2(y) = 1 + 164y8 + 697y10 + 15 088y12 + 33 456y14 + · · · .
Self-dual codes with a weight enumerator W1 for β = 0,1, . . . ,22, 24, 26, 28, 32, 42 are
known [4]. A code with the second type weight enumerator is shown in [12].
The inequivalent [42,21,8] SD codes having an automorphism of order 7 are constructed
in [11,15]. Exactly 111 inequivalent self-dual [42,21,8] codes have automorphisms of order 5
[3,4]. Only three of them have automorphisms with four independent cycles and 22 fixed points
and their weight enumerator is W1 for β = 28, 32, and 42 [4]. The code with β = 42 has an
automorphism group of order 214 · 35 · 52 · 72 and hence it is equivalent to the code in [11].
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independent cycles [3]. One of them has weight enumerator W1 with β = 32, 17 with β = 12,
other 17 with β = 7, and 74 with β = 2. The two codes for β = 32 are equivalent.
Theorem 14 in [4] states that exactly 314 inequivalent binary self-dual [42,21,8] codes have
an automorphism of order 3 with six independent cycles and 24 fixed points. Six of them have
weight enumerator W2. Three of them are equivalent to the above mentioned codes with weight
enumerator W1 for β = 42, 32, and 28. The other 305 codes have weight enumerator W1 for
β = 4,6, . . . ,22,24,26. If 9 divides the order of the automorphism group of a code it can possess
another automorphism of order 3 different from σ . That is why we can construct equivalent codes
using different automorphisms of order 3.
3.1. c = 8
Let C be a self-dual [42,21,8] code with an automorphism σ of order 3 with 8 cycles and
18 fixed points. Up to equivalence, a unique Hermitian quaternary [8,4,4] code exists and it has
a generator matrix (see [5])
G =
⎛
⎜⎝
e e e e 0 0 0 0
0 0 e e e e 0 0
0 0 0 0 e e e e
e 0 e 0 e 0 e 0
⎞
⎟⎠ .
So we have a unique up to equivalence subcode Eσ (C)∗ and its generator matrix is
GE =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
011011011011000000000000
101101101101000000000000
000000011011011011000000
000000101101101101000000
000000000000011011011011
000000000000101101101101
011000011000011000011000
101000101000101000101000
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
The code Cπ in this case is a binary self-dual [26,13, 4] code with a generator matrix Gπ
given in (2) where B generates a [8, k1, 4], and D generates a [18, k1 +5, 8] self-orthogonal
code, respectively. Since 0 k1  4, D∗ is a binary self-orthogonal [18,5 k2  9, 8] code.
All optimal binary self-orthogonal codes of length 18 are classified in [2]. There are exactly
7 inequivalent [18,5,8], two inequivalent [18,6,8], and no [18, 7, 8] self-orthogonal codes.
Hence k1 = 0 or 1.
When k1 = 1, we have two possibilities for D∗. The two codes have weight enumera-
tors W18,6,1 = 1 + 46y8 + 16y12 + y16 and W18,6,2 = 1 + 45y8 + 18y12, respectively. As
we see, neither of them is self-complementary. Thus the code B∗ does not contain the
all ones vector. Hence B∗ = {0, v} where v is a vector of length 8 and weight 4 or 6.
If wt(v) = 6 then up to equivalence v = (11111100) or (11111010). In the first case
wt(π−1(v) + φ−1(e, e, x2e, x2e, xe, xe,0,0)) = 6, and in the second case wt(π−1(v) +
φ−1(x2e, xe, x2e, xe, e,0, e,0)) = 6. Therefore wt(v) = 4. We consider all codes with generator
matrix in form (2), as we fix B = (v), and the matrices D and F and we consider all possibil-
ities for E such that B⊥ = B∗. After that we add the matrix GE and check the constructedE
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self-dual [42,21,8] codes from the first self-orthogonal code, and two more from the second
self-orthogonal code. They have weight enumerators W1 with β = 14,12,15, and again 12, and
automorphism groups of orders 192, 576, 36, 108, respectively. The last two codes have also au-
tomorphisms of order 3 with six 3-cycles and 24 fixed points. We present here generator matrices
of Cπ in form (2):
G
(1)
π =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11101000 000000000000000000
00000000 100000101110010011
00000000 010000010111001011
00000000 001000101101110100
00000000 000100011110111000
00000000 000010101001001111
00000000 000001011100100111
11111111 111111111111111111
01100000 101010100000000000
00010100 010101010000000000
01001000 101111001000000000
00010010 111101000100000000
01100010 110011000000000010
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, G
(2)
π =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11101000 000000000000000000
00000000 100000101110010011
00000000 010000010111001011
00000000 001000101101110100
00000000 000100011110111000
00000000 000010101001001111
00000000 000001011100100111
11111111 111111111111111111
00010100 101010100000000000
01100011 010101010000000000
01011010 101111001000000000
01001000 111101000100000000
00111110 110011000000000010
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
G
(3)
π =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11101000 000000000000000000
00000000 100000010101100111
00000000 010000101001101101
00000000 001000110111101000
00000000 000100011011110100
00000000 000010001101111010
00000000 000001000110111101
11111111 111111111111111111
01100000 101100010000000000
01001000 010110001000000000
01110100 001101000010000000
00111010 111110000001000000
00111110 011000100000000000
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, G
(4)
π =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
11101000 000000000000000000
00000000 100000010101100111
00000000 010000101001101101
00000000 001000110111101000
00000000 000100011011110100
00000000 000010001101111010
00000000 000001000110111101
11111111 111111111111111111
00010100 101100010000000000
00010010 010110001000000000
01100011 001101000010000000
01011001 111110000001000000
00101111 011000100000000000
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Let now k1 = 0. In this case Gπ =
( 0 D
I8 F
)
where D generates a [18,5,8] self-orthogonal code,
and DF is its dual code. In this case the code D∗ cannot be self-complementary. Only one self-
orthogonal [18,5,8] code contains the all ones vector and we cannot use it in our construction.
From the other six codes we obtain 176 inequivalent self-dual [42,21,8] codes. We list the
results in Table 1. One of the codes with β = 12 has an automorphism of order 5 and hence it is
equivalent to a code from [3]. All other codes are new.
Table 1
β 4 5 6 7 8 9 10 12 13 W2
D1 – – – – – – – – – –
D2 – 2 3 2 1 7 11 2 3 1
D3 – – – – 5 1 2 1 – –
D4 – – 7 6 5 8 – – – –
D5 – – 7 – – – – 3 – –
D6 2 – 10 20 27 36 4 – – –
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Let C be a self-dual [42,21,8] code with an automorphism σ of order 3 with 10 cycles and
12 fixed points in its factorization. In this case Cφ is a Hermitian self-dual [10,5,4] code and
by [9] is equivalent to either E10 or B10 with generator matrices
⎛
⎜⎜⎜⎝
e e e e 0 0 0 0 0 0
0 0 e e e e 0 0 0 0
0 0 0 0 e e e e 0 0
0 0 0 0 0 0 e e e e
0 e 0 e 0 e 0 e xe x2e
⎞
⎟⎟⎟⎠ and
⎛
⎜⎜⎜⎜⎝
e e e e 0 0 0 0 0 0
0 e xe x2e e 0 0 0 0 0
0 0 0 0 0 e e e e 0
0 0 0 0 0 0 e xe x2e e
0 e x2e xe 0 0 e x2e xe 0
⎞
⎟⎟⎟⎟⎠ ,
respectively. Then we can fix the generator matrix of the subcode Eσ (C)∗ in the following two
forms:⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
011011011011000000000000000000
101101101101000000000000000000
000000011011011011000000000000
000000101101101101000000000000
000000000000011011011011000000
000000000000101101101101000000
000000000000000000011011011011
000000000000000000101101101101
011000011000011000011000101110
101000101000101000101000110011
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
011011011011000000000000000000
101101101101000000000000000000
000011101110011000000000000000
000101110011101000000000000000
000000000000000011011011011000
000000000000000101101101101000
000000000000000000011101110011
000000000000000000101110011101
000011110101000000011110101000
000101011110000000101011110000
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
respectively. The code Cπ is a binary self-dual [22,11, 4]. There are exactly nine inequivalent
such codes, listed in [6], namely D14 ⊕ E8, N22, P22, Q22, R22, S22, T22, U22 and G22. The
shortened Golay code G22 has minimum weight 6 and all other codes have minimum weight 4.
For any 4-weight vector in Cπ at most 2 non-zero coordinates may be fixed points. We con-
sider the generator matrices of the codes given in [6]. An examination of the vectors of weight 4
in D14 ⊕E8, N22, Q22 and R22 shows that in these codes at most 11 coordinates could be
fixed points. So these cases are eliminated. By investigation of all alternatives for a choice of
the 3-cycle coordinates in the rest codes we obtain, up to equivalence, all possibilities for the
generator matrix of the code Fσ (C).
Let Cπ be P22. There is a unique possibility for the 3-cycle coordinates up to equivalence.
The generator matrix of Cπ in this case can be fixed in the form
Gπ(P22) =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1100000000 110000000000
0110000000 011000000000
0011000000 001100000000
0001100000 000110000000
0000011000 000001100000
0000001100 000000110000
0000000110 000000011000
0000000011 000000001100
1000010000 100001000011
1111100000 000000000001
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.0000011111 000000000010
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The following transformations preserve the decomposition and send the code C to an equiva-
lent one:
(i) a permutation of the last 12 fixed coordinates;
(ii) a permutation of the ten 3-cycles coordinates;
(iii) a substitution x → x2 in Cφ ;
(iv) a cyclic shift to each 3-cycle independently. This is equivalent to multiplication of the coor-
dinates of Cφ by xk for k = 1,2.
We consider the products of transformations (ii)–(iv) which preserve the quaternary code Cφ .
Their permutational part forms a subgroup of the symmetric group S10 which we denote by L.
Let S = Stab(P22) be the stabilizer of the automorphism group of the code generated by Gπ(P22)
on the set of the fixed points. In our case Stab(P22) = 〈(1,5), (2,3), (4,5), (9,10), (8,9), (7,8),
(6,7), (6,10), (3,4), (1,6)(2,7)(3,8)(4,9)(5,10)〉. It is easy to prove the following lemma:
Lemma 4. If τ1 and τ2 are the permutations from the group S10 the codes Cτ1 and Cτ2 are
equivalent iff the double cosets Sτ1L and Sτ2L coincide.
When Cφ = E10 the group L = 〈(1,2)(3,4), (1,3)(2,4), (1,3,5,7,9)(2,4,6,8,10), (9,10)〉.
We obtain three [42,21,8] self-dual codes CidE10 , C
(4576)
E10
and C(235986)(47)E10 . These codes have
weight enumerator W1 with β = 18,12 and again 12 and automorphism groups of orders 6144,
144 and 720, respectively.
When Cφ = B10 we found the subgroup of the group L generated by the permutations
(3,4)(8,9), (1,2)(3,4), (1,3)(2,4), (6,7)(8,9), (6,8)(7,9) and (1,6)(2,7)(3,8)(4,9)(5,10).
We obtain three [42,21,8] self-dual codes again: CidB10 , C
(56)
B10
and C(46)(57)B10 . These codes have
weight enumerator W1 with β = 42,18 and 12 and automorphism groups of orders 214 ·35 ·52 ·72,
212 · 33 and 24 · 33, respectively.
The code C(56)B10 is equivalent to two codes with Cπ equivalent to S22 and T22 and Cφ = B10.
The code CidB10 has an automorphism of order 7 an hence it is equivalent to a code in [11].
From the other cases for Cπ we constructed 602 inequivalent [42,21,8] self-dual codes:
49 codes with weight enumerator W2 and 553 codes with weight enumerator W1 for β =
0,2, . . . ,16,18,21,24. The calculations for these results was done with the GAP Version 4 soft-
ware system and the program Q-extension [1]. The results are summarized in Table 2.
3.3. c = 12
Let C be a self-dual [42,21,8] code with an automorphism σ of order 3 with 12 cycles and
6 fixed points. Since we are looking for codes with minimum weight 8, Cπ is a [18,9,4] binary
self-dual code. There are only two such codes, namely I18 and H18 in [10].
The code φ(Eσ (C)∗) is a Hermitian self-dual [12,6,4] code. There exist exactly five inequiv-
alent such codes and they are denoted by d12, e7 + e5, 2d6, 3d4 and e6 ⊕ e6 [5].
Suppose that Cπ is equivalent to H18. Then we can partition its coordinates into three sets:
I = {i1, i2, i3, i4, i5, i6}, J = {j1, j2, j3, j4, j5, j6} and L = {l1, l2, l3, l4, l5, l6}, such that the
vectors with supports {i1, i2, i3, i4}, {i3, i4, i5, i6}, {j1, j2, j3, j4}, {j3, j4, j5, j6}, {l1, l2, l3, l4},
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c = 10
β P22 S22 T22 U22 G22 β P22 S22 T22 U22 G22
0 – – – – 1 12 3 5 14 4 1
2 – – – 14 15 13 – – – 1 –
3 – – – 50 40 14 – – – 6 –
4 – – – 49 – 15 – – 1 1 –
5 – – – 40 6 16 – – – 2 –
6 – 2 31 50 47 18 2 3 2 – –
7 – – – 30 – 21 – – 1 – –
8 – – – 44 6 24 – – 1 – –
9 – 5 16 26 12 42 1 – – –
10 – – – 22 – W2 – – 49 –
11 – – – 12 –
Table 3
c = 12 and Cπ ∼= H18
β 3d4 e7 + e5 2d6 d12 e6 ⊕ e6 β 3d4 e7 + e5 2d6 d12 e6 ⊕ e6
0 380 2 406 1 – 15 – 5 – – 1
1 374 5 427 – – 16 – 4 – – 1
2 973 31 1353 7 – 17 – 2 – – 3
3 230 43 674 8 – 18 – 4 3 2 4
4 406 71 982 8 – 19 – 1 – – 2
5 399 146 1351 30 – 20 – – – – 7
6 82 57 355 29 – 21 – 1 – – 1
7 87 66 467 33 – 22 – 1 – – 3
8 59 92 452 74 – 24 – – – – 3
9 11 38 69 13 – 26 – – – – 2
10 10 64 85 28 – 28 – – – – 1
11 – 72 39 26 – 32 – – – – 1
12 4 21 28 14 1 42 – – – – 1
13 – 32 11 9 2
14 – 31 14 10 3 W2 322 75 694 17 –
{l3, l4, l5, l6}, {i1, i3, i5, j1, j3, j5}, {i2, i4, i6, l2, l4, l6} and the all ones vector generate this code.
We have that 13,14 ∈ I , 15,16 ∈ J , and 17,18 ∈ L. The automorphism group of this code is
equivalent to (Z32 .S3)
3.S3, so up to equivalence we have i1 = 1. We summarize the results in the
five cases for φ(Eσ (C)∗) in Table 3.
Now suppose that Cπ is equivalent to I18. Then we can partition its coordinates into three sets:
I = {i1, i2, i3, i4, i5, i6, i7, i8, i9, i10}, {l} and J = {j1, j2, j3, j4, j5, j6, j7}, such that the vec-
tors with supports {i1, i2, i3, i4}, {i3, i4, i5, i6}, {i5, i6, i7, i8}, {i7, i8, i9, i10}, {i1, i3, i5, i7, i9, l},
{j1, j2, j3, j4}, {j3, j4, j5, j6}, {j1, j3, j5, j7} and the all ones vector generate this code. A com-
puter program was created to compute all possible cases for the sets I and J and to check the
weight enumerators of the codes. The results are presented in Table 4.
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c = 12 and Cπ ∼= I18
β 3d4 e7 + e5 2d6 d12 e6 ⊕ e6 β 3d4 e7 + e5 2d6 d12 e6 ⊕ e6
1 216 2 194 – – 15 – 4 1 1 –
2 46 1 40 – – 16 – 2 – – 2
3 69 4 85 – – 17 – – – – 1
4 162 12 384 2 – 18 – 3 1 1 1
5 43 4 86 – – 19 – 1 – – 1
6 51 14 128 1 – 20 – – – – –
7 21 38 163 14 – 21 – 1 – – 1
8 11 10 40 2 – 22 – 1 – – 2
9 12 14 58 3 – 24 – 1 – – 1
10 6 32 27 10 – 26 – – – – –
11 – 4 2 1 – 28 – – – – 1
12 3 15 11 7 – 32 – – – – –
13 – 10 1 1 – 42 – 1 – – –
14 – 1 – – – W2 22 8 43 – –
3.4. c = 14
Let C be a self-dual [42,21,8] code with an automorphism σ of order 3 with 14 cycles and no
fixed points. Since we are looking for codes with minimum weight 8, Cπ is a [14,7,4] self-dual
code. There is only one such code and it has a generator matrix
Gπ =
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
11110000000000
00111100000000
10101010000000
00000001111000
00000000011110
00000001010101
11111111111111
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
.
We partition the rows of this code into two sets I = {i1, i2, i3, i4, i5, i6, i7}, and J = {j1, j2, j3, j4,
j5, j6, j7} such that the vectors with supports {i1, i2, i3, i4}, {i3, i4, i5, i6}, {i1, i3, i5, i7}, {j1, j2,
j3, j4}, {j3, j4, j5, j6}, {j1, j3, j5, j7} and the all ones vector generate the code. Considering its
automorphism group we can take i1 = 1, i2 < is , s = 3, . . . ,7, and i3 < ik , k = 4, . . . ,6.
The code φ(Eσ (C)) is a Hermitian quaternary [14,7, 4] code. There exist exactly ten in-
equivalent such codes and they are denoted by d14, 2e7, d8 +e5 +f1, 2e5 +d4, d8 +d6, 2d6 +f2,
d6 + 2d4, 3d4 + f2, 2d4 + 16 and q14 [5].
A computer program was created to check all the codes for minimum weight and then we
check the constructed codes for equivalence, using the program Q-extension [1].
For the cases d14, 2e7, d8 + e5 +f1, 2e5 + d4, d8 + d6, 2d6 +f2, d6 + 2d4, 3d4 +f2, 2d4 + 16
and q14 we have a total of 1569 inequivalent codes with weight enumerator W1 listed in Table 5.
3.5. Summary
Theorem 5. There exist exactly 16 607 binary self-dual [42,21,8] codes having an automor-
phism of order 3.
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c = 14
β 0 3 6 9 12 15 18 21 24 42
d14 1 – 1 – 1 – 1 – – –
2e7 – 2 6 1 2 – – 1 1 1
d8 + e5 + f1 – 10 14 12 6 2 – – – –
2e5 + d4 – 1 3 – 3 – – – – –
d8 + d6 8 19 31 7 3 1 – – – –
2d6 + f2 28 105 52 13 3 – – – – –
d6 + 2d4 22 56 30 4 2 – – – – –
3d4 + f2 240 232 96 – – – – – – –
2d4 + 16 213 130 16 – – – – – – –
q14 189 – – – – – – – – –
Table 6
Summary
β 0 1 2 3 4 5 6 7 8 9
1484 1218 2480 1757 2079 2107 1105 947 839 362
β 10 11 12 13 14 15 16 17 18 19
310 166 155 96 103 51 34 22 34 6
β 20 21 22 24 26 28 32 42 W2
9 1 4 3 2 1 1 1 1230
We list the number of the codes according to their weight enumerators in Table 6. Looking at
it, one can notice that there is only one code for β = 42. The order of its automorphism group is
4 877 107 200 = 214 ·35 ·52 ·72. Hence this code is equivalent to the codes constructed in [11,15].
Corollary 6. There exists a unique binary self-dual [42,21,8] code with weight enumerator W1
for β = 42, having an automorphism of odd prime order.
The automorphism group of the only obtained code for β = 32 has order 7 372 800 =
215 · 32 · 52 and therefore it is equivalent to the code from [4].
Corollary 7. There exists a unique binary self-dual [42,21,8] code with weight enumerator W1
for β = 32, having an automorphism of odd prime order.
We have a similar situation with the only code for β = 28 as its automorphism group is of
order 552 960 = 212 · 33 · 5.
Corollary 8. There exists a unique binary self-dual [42,21,8] code with weight enumerator W1
for β = 28, having an automorphism of odd prime order.
As no self-dual code with weight enumerator W1 for β = 21 has automorphisms of order
greater than 3, we have:
S. Bouyuklieva et al. / Finite Fields and Their Applications 13 (2007) 605–615 615Corollary 9. There exists a unique binary self-dual [42,21,8] code with weight enumerator W1
for β = 21, having an automorphism of odd prime order. It has an automorphism group of order
1944 = 35 · 23.
Eight of the obtained codes have an automorphism of order 7, and 13 of them have an auto-
morphism of order 5.
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